Chern-Simons pre-quantization over 
four-manifolds 

Tosiaki Kori* 
Department of Mathematics 
School of Science and Engineering 
Waseda University 
3-4-1 Okubo, Shinjuku-ku Tokyo, Japan, 
e-mail: kori@waseda.jp 



Abstract 

We introduce a pre-symplectic structure on the space of con- 
nections in a G-principal bundle over a four-manifold and a Hamil- 
tonian action on it of the group of gauge transformations that are 
trivial on the boundary. The moment map is given by the square 
of curvature so that the O-level set is the space of flat connec- 
tions. Thus the moduli space of flat connections is endowed with 
a pre-symplectic structure. In case when the four-manifold is null- 
cobordant we shall construct, on the moduli space of connections, 
as well as on that of flat connections, a hermitian line bundle with 
connection whose curvature is given by the pre-symplectic form. 
This is the Chern-Simons pre-quantum line bundle. The group 
of gauge transformations on the boundary of the base manifold 
acts on the moduli space of flat connections by an infinitesimally 
symplectic way. When the base manifold is a 4-dimensional disc 
we show that this action is lifted to the pre-quantum line bundle 
by its abelian extension. The geometric description of the latter 
is related to the 4-dimensional Wess-Zumino-Witten model. 
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Introduction 



The moduli space of flat connections on the trivial SU(2) bundle over 
a surface E is a compact, finite-dimensional symplectic space [2] . Ra- 
madas, Singer and Weitsman [15J described the Chern-Simons pre-quantization 
of this moduli space. On the other hand, Donaldson proved that if the 
surface has a boundary then the moduli space of flat connections is a 
smooth infinite-dimensional symplectic manifold, and it has a Hamil- 
tonian group action of the gauge transformations on the boundary [6]. 
In general the moduli space of the Lie(G)-valued flat connections on a 
connected closed manifold M corresponds bijectively to the conjugate 
classes of the G-representations of the fundamental group tt\ (M) . 

In this paper we study the Chern-Simons pre-quantization of the 
moduli space of connections on a four-manifold M generally with non- 
empty boundary. 

Let A(M) be the space of irreducible connections on M and let 
Qo(M) be the group of gauge transformations on M that are trivial on 
the boundary dM. We shall prove in section 1 that A(M) carries a 
pre-symplectic structure. The pre-symplectic form is given by 

LO A (a,b) = ^ J Tr[(ab-ba)F A ]--^ J Tr[(ab-ba)A], (0.1) 

for a, b S T A A. The action of Qq{M) becomes a Hamiltonian action with 
the moment map given by the square of curvature F 2 . Hence the 0- level 
set of the moment map is the space of flat connections A (M). The 2- 
form u is highly degenerated so as to apply the Marsden-Weinstein sym- 
plectic reduction theorem [llj . But we know that M b (M) = A^ (M) /Q Q (M) 
is a smooth manifold, and if dM ^ 0, M. (M) becomes a pre-symplectic 
space with the pre-symplectic form 

HU] ( a ' 6 ) = "2^3 j QM Tr t ( ab ~ba)A], (0.2) 

for [A] G M\M). 

By a pre-quantization of M, (M) we mean a hermitian line bundle 
C b (M) with connection over A4 (M) whose curvature is given by —i 
times the symplectic form on Ad (M), O [15]. When we say Chern- 
Simons pre-quantization it means that the transition functions of the 
pre-quantum line bundle C^(M) come from the Chern-Simons form. It 
was pointed out in [15] that, when the base manifold M is 2-dimensional, 
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the Chern-Simons form provides also the transition functions of a her- 
mitian line bundle with connection over the total moduli space B(M) = 
A(M)/Qq(M) and the pre-quantum line bundle is obtained by restrict- 
ing it to the moduli space of flat connections Ai (M). In section 3 we ex- 
tend these results to four-manifolds. We construct a hermitian line bun- 
dle with connection £(M) over the moduli space B(M) = A{M)/Qq{M) 
whose transition functions come from 5-dimensional Chern-Simons form. 
For that we assume after section 3 that the four-manifold M is a sub- 
manifold of a closed four-manifold M which is null-cobordant, that is, 
M is the boundary of a 5-dimensional manifold N. As a particular 
case when M is without boundary; M = M, we have the line bundle 
C(M) over B(M). The 5-dimensional Chern-Simons functional CS(A) 
of A € A(N) gives a section of the pullback line bundle r*C(M) by the 
boundary restriction map r : B(N) — > B{M). The gradient vector field 
of this section is 

where V is the covariant differentiation associated to the pullback of 
the connection on C(M). 

In section 4 we investigate the pre-quantization of the moduli space 
(M^(M), u^). The pre-quantum line bundle £/{M) is by definition the 
restriction of £(M) to M b (M). For a proper submanifold M C M it is 
actually a line bundle with connection whose curvature is —i aA On the 
other hand the line bundle C (M ) admits a flat connection. AA 9 {M) is 
O-dimensional if every flat connection is non-degenerate, that is, if the 
cohomology group H\(M, adP) = for A € A^(M), (Tj. In this case 
jC/^M) is a finite dimensional vector space. When M is simply connected 
Ai (M) becomes one-point and C (M) ~ C. The trivialization is given 
by the 4-dimensional reduction of Chern-Simons functional 

CS^) = CS(A) = ^-3^Tr[A 5 ], 

where A is a flat extension of A G A^(M) to N. It is well defined 
independently of the extension A. Here we assumed M to be simply 
connected for the sake of having the flat extension of A E M (M). It 
will be important to give the definition of CSj^ also for the case where 
M is not necessarily simply connected. 

For a proper submanifold M C M we shall define the Chern-Simons 
functional CSm as a section over A^(M) of the pull back line bun- 
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die p*C b (M c ), where M c = M\ M and p : A\M) — ► M\M C ) is a 
mapping which comes from the extension of flat connections across the 
boundary dM. CSm is a horizontal section of p*C^(M c ). This implies 
the fact that the mapping p is a Lagrangean immersion. 

The group of pointed gauge transformations Q{M) acts on A (M) by 
infinitesimal symplectic automorphisms. So is the action of Q{dM) = 
g(M)/g (M) on M\M). We shall discuss in section 5 the lift of this 
action to the pre-quantum line bundle C (M) for the case when M is the 
4-dimensional disc D with boundary S 3 . Let OG be the Mickelsson's 
abelian extension of Q{dD) ~ QqG by the group Map(A(S 3 ), U(l)), 
|12j . Then QG acts on C{D) equivariantly. Restricted to C (D) the 
action of $7G is equivariant with the infinitesimal symplectic action of 
JIqG on the base space At (-D), and the reduction of £)(D) by the action 
becomes C 1 . As was discussed in [10j[12] the geometric description of the 
Mickelsson's abelian extension is given by the four-dimensional Wess- 
Zumino-Witten model. These are the analogy of the central extension 
of the loop group acting on the pre-quantization of the moduli space of 
flat connections over a surface [TT] . 

1 Preliminaries 

1.1 Differential calculations on A 

Let M be an oriented Riemannian four-manifold with boundary dM. 
Let G = SU(n). The inner product on G is given by < £,r] >= 
— Tr(£,rj), £, r\ € Lie(G) = su(n). With this inner product the dual 
of Lie(G) is identified with Lie(G) itself. Let ir : P — > M be a princi- 
pal G-bundle over M which is given by a system of transition functions 
in the Sobolev space l? s for s > 2. We write A = A(M) for the space 
of irreducible L 2 S _ X connections, which differ from a smooth connection 
by a L^_ 1 section of Tfa (g> adP, hence the tangent space of A at A G A 
is T A A = nJ_ 1 (M, adP). The curvature of A G A is 

F A = dA + -[A A A] G n 2 s _ 2 (M,adP). 

nf_x(M, adP), being the formal dual of 0^_ 1 (M, adP) = TaA, is iden- 
tified with the space of 1-forms on ^4. 

Let *4(9M) be the space of irreducible connections on dM. It is the 
L 2 3 connections that differ from a smooth connection on dM by a -L 2 3 

S_ 2 ' S_ 2 
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section of Tg M (g> adP. The boundary restriction map r : A(M) — > 
A(dM) is surjective. 

Here are some differential calculations on A that we shall cite from [U 

Gang. 

The derivation of a smooth function G = G{A) on A is defined by 
the functional variation of A: 

(d A G)a = lim G ( A + ta )~ G ( A ) for a € T A (L1) 

t — >o t 

We have, for example, 

{&AA)a = a, {8aFa)<i = d,Aa. 

The second follows from the formula 

F A + a = F A + dAa + a A a. 

Similarly the derivation of a vector field on A or a 1-form on A is 
defined as that of a smooth function of A € A valued in Q 1 (M,adP), 
respectively, in Q 3 (M, adP). We have, for a vector field b and a 1-form 

P, 

(d A <(3,h >)a =< /?, (d A b)a > + < (d A p)a, h > . (1.2) 
The Lie bracket for vector fields on A is seen to have the expression 

[a, b] = (d A b)a - (d A a)b. (1.3) 

Let d be the exterior derivative on A. For a function on A, {dG)A a = 
(dAG)a. From ( 1.2 ) and ( 1.3 ) we have the following formula for the 
exterior derivative of a 1-form on A : 

(d6) A (a,b) = (d A < 9,b >)a- (d A < 0,a>)b- < 9, [a,b] > 

= < (<9 A #)a, b > - < (0A0)b, a > . (1.4) 

Likewise, if (p is a 2-form on .A, then 

(d^)^(a, b, c) = (^(^(b, c))a + (d A <p(c, a))b + (^(^(a, b))c. (1.5) 
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1.2 Moduli space of connections 

We write the group of L 2 S gauge transformations by Q' = Q'(M): 

g'{M) = n° s (M,AdP). (1.6) 

Q' acts on A by 

g-A = g- 1 dg + g- 1 Ag = A + g- 1 d A g. (1.7) 

By Sobolev lemma one sees that Q' is a Banach Lie group and its action 
is a smooth map of Banach manifolds. 

The group of L 2 _ L gauge transformations on the boundary dM is 

S 2 

denoted by Q'(dM). We have the restriction map to the boundary: 

r : g'(M) — ► g'(dM). 

Let Go = Qo(M) be the kernel of the restriction map. It is the group of 
gauge transformations that are identity on the boundary. Go acts freely 
on A and A/ Go is therefore a smooth infinite dimensional manifold, 
while the action of G' is not free. 

In the following we choose a fixed point po € M on the boundary 
dM and deal with the group of gauge transformations that are identity 
at p : 

g = g {M) = {ge g>( M)]g ( po) = l } . 

If dM = cf>, po may be any point of M . G act freely on A and the 
orbit space A/G is a smooth infinite dimensional manifold. We have 
Lie(G) = n° s (M,adP). 

Correspondingly we have the group G{dM) = {g G G'(dM); g(po) = 
1 }, and the restriction map r : G(M) — > G(dM) with the kernel Go- 
We have 

Lie(G ) = {£ € Lie(G); £\dM = 0}. (1.8) 
The derivative of the action of G at A G A is 

d A = d+[AA ]: n° s (M,adP) — > ^_i(M, adP). (1.9) 

The fundamental vector field on „4 corresponding to ^ G Lie(G) is 
given by 

£a(A) = -^| t =o(exp tf) ■ A = dA^, 
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and the tangent space to the orbit at A £ A is 

T A {G ■ A) = {d A £ ; £ G Q° S (M, adP)}. (1.10) 

We have two moduli spaces of irreducible connections; 

B(M) = A/g , C(M)=A/G. (1.11) 

They are smooth manifold modelled locally on the balls in the Hilbert 
spaces kertf^, and kertf^ nker(*|<9M) respectively, in f2^_ 1 (M, adP). 

C(M) is a Q / Qo-prmcipal bundle over B{M). C{M) coincides with 
B(M) if M has no boundary. 

Let A = A(M), G = g(M), B = B(M) and C = C{M) be as above. 
We shall investigate the horizontal subspaces of the fibrations A — > B 
and A — > C. 

The Stokes formula is stated as follows: 

/ < f, *u >= < d A f, *u > - < f, *d* A u >, 
JdM Jm Jm 

for / G Q° s (M,adP), u G nJ_ 1 (M, adP). If M is a compact manifold 
without boundary we have the following decomposition: 

T A A = {d A £; £ G Lie(g) } © H° A , (1.12) 

where 

fl^ = {a G fiJ_i(M, adP); e&a = 0}. 
In this case we have 

T a B ~ f& (1.13) 

When M has the boundary, d A Lie(go) is orthogonal to kertf^ = {a G 
^s_i(M, adP); tf^a = 0}, and d A Lie(Q) is orthogonal to {a G kerti^, *a\dM 
0}. 

Let Aa be the covariant Laplacian defined as the closed extension of 
d* A d A with the domain of definition V^ A = {u G fig(M, adP); u|dM = 
0} . Since A G .4 is irreducible A A : V Aa — ► ^°_ 2 (M, adP) is an 
isomorphism. Let = (Ayi)" 1 be the Green operator of the Dirichlet 
problem : 

( A A u = f 
I uldM = 
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Proposition 1.1. Let A £ A. 

1. We have the following orthogonal decomposition: 

T A A = {d A £; C G £*e(0 o ) } © AS, (1-14) 

where 

H A = {ae VL 1 8 _ 1 {M,adP)\ cf^a = 0}. 

2. TTie Qo-principal bundle tt : A — > <B /ias a natural connection 
defined by the horizontal subspace H A , which is given by the con- 
nection 1-form 7^ = G A d* A . 

3. The curvature form J 70 of the connection 1-form 7 is given by 

^(a,b) =G A (*[a, *b}) fora,beH° A . 

Corollary 1.2. 

7%{a, d A = forte Lie(g ). (1.15) 

Now we proceed to the fibration A — > C = A/Q. 
For a 1-form let g = K A v denote the solution of the following 
boundary value problem: 

A A g = 
*d A g\dM = *v\dM. 

Proposition 1.3. Let A € A- 

1. We have the orthogonal decomposition: 

T A A = {d A £; i € Lie{g)} H A , (1.16) 

w/iere 

# A = { a e nJ_i(M, adP); d> = 0, and * a\dM = 0} 

2. The Q -principal bundle tt : A — > C /ias a natural connection 
defined by the horizontal subspace H A . 
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Proof 

Let a £ Q, l (M, adP) and a = c^£ + & be the decomposition of (|1.14p . 

then £ = Ga^a and b G fi s-i( M > arfp )> d A ft = °- Put V = K Ab. Then 
we have the orthogonal decomposition 

a = d A (£, + rj) + c, 
with c £ Ha and £ + r/ £ Lie{Q). If we write 

7A = 7A + ^4(/-d A7 A), (1-17) 

where 7 is the identity transformation on TaA, then 7a is a Lie{Q)— valued 
1-form which vanishes on Ha and 7a^a£ = that is, 7a is the connec- 
tion 1-form. □ 
Let g = N A f be the solution of Neuman problem: 

f 4 n) s = / 

\ *d A g\dM = on 8M. 

(n) 

Where is the closed extension of d* A dA with the domain of definition 
V aC „) = {u £ n°JM,adP) ; *d A u\dM = 0} . 

Corollary 1.4. TTie curvature form of ^a is given by 

T A (a, b) = N A (*[a, *b\) for a, b £ H A . (1.18) 



1.3 Moduli space of flat connections 

The space of flat connections is 

A\M) = {A £ A(M); F A = 0}, (1.19) 

which we shall often abbreviate to A ■ The tangent space of A is given 
by 

T A A h = {a £ Ql^M, adP); d A a = 0}. (1.20) 

We shall suppress the Sobolev indeces in the following. 
The moduli space of flat connections is by definition 

M h = A^/Gq. 



When there is a doubt about which manifold is involved, we shall write 
M\M) for the orbit space M 9 = A b {M)/g (M). 

We know that Ai b is a smooth infinite-dimensional manifold. In 
fact, the coordinate mappings are described by the implicit function 
theorem [8J: For A G Jc there is a slice for the G^-action on A^ given 
by the Coulomb gauge condition: 

V A = { a e n 1 (M, adP); \a\ < e, d A a + a A a = 0, d* A = 0}. (1.21) 

Let 

H\ = {Q}(M, adP); d A a = 0,d* A = 0}. 
The Kuranishi map is defined by 

K A : Q 1 (M,adP) 3 a — ► K A (a) =a + d* A G A (a A a) G Q}(M,adP)}. 

Since the differential of K A at a = becomes the identity transfor- 
mation on Q 1 (M,adP), the implicit function theorem in Banach space 
yields that K A gives an isomorpism on a small neighborhood of 0. Thus 
we see that the slice V A is a neighborhood of [A] that is homeomorphic 
to the following subset H A ; 

{(3 G H\- |/3| < e, K A {fi) = 0}, 

where 

K A ([3) = (I-G A A A )(aAa), a = K A 1 p. 

Now the moduli space of flat connections modulo the total gauge 
transformation group Q is 

7V b = A h /G. (1.22) 
A slice in a neighborhood of A G A^ in this case is 

W A = {a G Q}{M, adP); \a\ < e, d A a+aAa = 0, d A = 0,and*a|9M = 0}. 

(1.23) 

The Kuranishi map is defined by 

L A : n 1 (M, adP) 3 a — ► L A {a) =a + d* A N A (a A a) G Q}{M, adP). 

The same argument as above yields that there is a neighborhood of [A] 
in that is homeomorphic to 

{/? G f4; |/?| < e, \ A ((3) = 0}, 
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where 

\ A (f3) = (I -N A A A )(aAa), a = L^(3. 
The dimension of is finite. 



2 Pre-symplectic structure on A 

2.1 Pre-symplectic structure on A and the action of Q (M) 
For each A <G A we define a sqew-symmetric bilinear form on T A A by: 

wa(o,6) = u A (a,b)+d A {a,b), (2.1) 
<"aM) = A/ Tr[(oA6-6Aa)AF A ], (2.2) 

wa(o,6) = -J-3 / Tr[(oA6-6Ao)A4 (2.3) 
for a,b £ T A A. 

Proposition 2.1. £/ acts symplectically on A, 

g*uj = uj. 

Note that the action of C/ is not even infinitesimally symplectic if 
dM ^ 0. 

Theorem 2.2. (A, to) is a pre-symplectic space, that is, uj is a closed 
2- form on A. 

Proof 

In the following we shall abbreviate ab for the exterior product af\b. 
Differentiating the 2-form uj°, we have 

(dw°) A (a, b, c) = d A (uj°(a, b))(c) + d A (uj°(b, c))(a) + d A (uj°(c, a))(b), 

for a,b,c £ T A A. From the definition we have 

d A (uj°(a, 6))( c ) = J- /" Tr[(ab - ba)d A c], 
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hence 

(du°) A (a, b, c) = — , f Tr [ (ab — ba)dAC + (be — c6)d^a + (ca — ac)dAb] ■ 
Jm 

Since 

d(Tr(ab — ba)c) = Tr [(ab — ba)dAC + (be — cb)dAa + (ca — ac)dAb] , 
we have 

(dio°) A (a,b,c) = -L / dTr[(ab-ba)c} = -^ f Tr[(ab - ba)c]. 
8vr J J M 8^ J 9M 

On the other hand we have 
(du') A (a,b,c) = 3d A (u'(a,b))(c) = -— [ Tr[(ab - ba)c\. 

JdM 

Therefore duj = 0. 

Thus (A, lo) is a pre-symplectic manifold. □ 
B(M) is a smooth manifold endowed with the pre-symplectic struc- 
ture coming from lo. 

Remark 2.1. For M without boundary the pre-symplectic form lo° and 
the Hamiltonian action of the group Q = Qq in the next theorem were 
introduced by Bao and Nair [4J. More generally they gave the pre- 
symplectic form on n-dimensional manifolds. 



Theorem 2.3. The action of Qq on A is a Hamiltonian action and 
the corresponding moment map is given by 

$ : A — * (Lie Go)* = Q A (M,adP) : A — > F\. 

{$(A),0 = &(A) = ^ J M Tr(FlO. (2.4) 
Proof 

The equivariance of $ : A — ► (LieQo)* with respect to the tr- 
action on A and the coadjoint action on (LieQo)* is evident. 
We have 

(d&) ACi = ^3 J Tr[(d A a AF A + F A A d A a)£], 
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and 

{d&) A a - u° A (a, d A = ^ J Tr[{d A a A F A + F A A d A a)t - (F A a + aF A )d A £} 

= ^J M dTr ^ aFA + FAa ^ = 8^3 ^ M Tr [( aF ^ + F ^ a ^ 
= 0, 

since £ = on dM. The following equation is valid on dM: 

dTr[(Aa - aA)£\ = Tr[(F A a + aF A - Ad A a - d A aA + A 2 a + aA 2 )£] 

+ Tr[(Aa-aA)d A Z] 
= Tr[{ad A £ - d A £a)A}. 

Hence we have 

J {a, d A = - -L f dTr[(Aa - aA)£] = 0. 

^ JdM 

Therefore 

(d&) A(l = uj A (a,d A 0- 
The moment map for the action of Qq on A is given by 

<$> : A — > F\ 



□ 



Proposition 2.4. We have 

^(A)=L0 A (d A ^, d A 7 1 )=u A {d A i, d AV ). (2.5) 

Proof 

For £, 77 G Lie Qo, we have 

d Tr [ (£ d A r? - <U£ rf)F A } = 2Tr[ d A ^ d AV F A — £ r?F| + £F A r/F A ] . 
This equation and the same one with £ and r\ reversed yield 

/ Tr{Fl[Z,n})= f Tr [ (d A £ d A r\ — d A r\ d A £)F A ] , 

JM JM 

and we have the assertion. □ 
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The proposition says that the map : Lie Go — ► C°°(A) is a Lie 
algebra homomorphism if C°°(A) is endowed with the Poisson bracket 
coming from to. Since u may be degenerate the Poisson structure may 
not be endowed to C°°(A). The discussion of Poisson algebra associated 
to a degenerate two-form is found in [S] and their theory fits well to our 
case. 

The symplectic quotient of A by Go is the moduli space of flat con- 
nections 

= <$>-\Q)/Go = A^Go. 

Theorem 2.5. Suppose dM ^ 0. Then Ai is a smooth manifold 
endowed with a pre- symplectic structure. The pre- symplectic form on 
Jv(* is given by 

u\ A] (a,b) = u' A (a,b) (2.6) 
for a G .M b and a, b G T a MK 
Proof 

As was explained in 1.3 we know that A4 9 is an infinite dimensional 
smooth manifold. The symplectic structure on Ad is given by 

u\ A] {a,b)=u' A {a,b). (2.7) 

Here [A] G M 9 denotes the C/o-orbit of A G A , and as for a tangent 
vector a G T\m Jvft we take the representative tangent vector to the slice; 
a G Ha H TaA^ . oj is well defined because we have g ■ A = A on dM 
for g G Go, and co A (a, cIaQ = for £ G LieGo and a G TaA ■ □ 

Example 1. 

For M = S 4 , the moduli space of flat connections 
.M b (S 4 ) = A\S A )/G{S 4 ). 

is one-point. 

In fact, let p G S 4 and let A G „4 b (S 4 ). Let T^(x) denote the 
parallel transformation by A along the curve 7 joining po and x. We 
put fA(x) = T^(x)l G G. It is independent of the choice of curve 7 
joining po and x. Then /a G ^(S 4 ), and by the definition A = dfA • /J ■ 

In general A4 (M) is one-point for an oriented, connected and simply 
connected compact four-manifold M. 

Example 2. 
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For a disc D 4 = {x G R 4 ; \x\ < 1} with boundary S 3 , we have 

M\D 4 )~n 3 G. 

Where 

^ 3 G = {/eMap( < S 3 ,G);/(p ) = l}, 

and QqG is the connected component of the identity. To prove it, first 
we note that 

Q(D 4 ) ~ D 4 G = {/ G Map(D 4 ,G); f(p Q ) = 1}, 

and 

<?o(£ 4 ) ^ Z? 4 G = {/ € D 4 G; f\S 3 = 1}. 

Hence G/g ~ ^gG. As before we put, for 4 G „4 b (L> 4 ), / A (x) = 
T^(x)l, x G D 4 . We have a well defined bijective map from A°(D 4 ) 
to D 4 G. In particular, fA = g for ^4 = dg g^ 1 with g G £?(-D 4 ) . It 
holds also that f g .A(x) = fA(x)g(x) for g G G{D 4 ) . Hence we have the 
isomorphism 

M\D 4 ) = A°/g ~ D 4 G/D 4 G ~ ^ 3 G. 
2.2 The action of C/(M) 

By the action of the group of gauge transformations on ^ we have 
the orbit space = A b /G. Then we have a fibration M 9 — > with 
the fiber Q/Qq. We note the fact that any vector which is tangent to 
the C/-orbit through A G A^ is in T^^. Propositions 1.3 yields the 
following proposition. 

Proposition 2.6. Let A G M 9 . 

1. We have the following decomposition 

T A M° = {d A i- i G Lie(G(dM))} H A , (2.8) 
where 

H A = {a G ^(M^dP); d A a = d* A a = 0, and * a|<9M = 0}. 

2. The Q i 'Go-principal bundle ir : A4° — ► J\f° has a natural connec- 
tion defined by the horizontal subspace H A . The connection form 
is given by K A (I — d A ^ A )- 
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The action of Q on A is far from symplectic. But on A it is in- 
finitesimaHy symplectic. In fact, we have d A £ £ T A A b for £ € Lie(G) 
and ^4 € ^ . If we denote by the Lie derivative by the fundamental 
vector field corresponding to £ € Lie Q we have; 

(L^u) A (a,b) = (di dA ^uj) A (a,b) = d A (id A ^ u A {b)){a) - d A (i dA ^u A (a))(b) 

= ~^l Tr[(bd A ^-d A ^b)a] + -^ [ Tr[{ad A i-d A ia)b] 

^ JdM ^ JdM 

= - 12^ L Tr ^ ab - ba ^ = - L dTr ^ ab - ^ 

= 0, 

for A € A b and for a, b £ T A A b . 

Go being a normal subgroup of Q the action of the quotient group 
G/Go on is also infinitesimally symplectic. 

Example The argument in Example 2 shows also that 

M\D A ) = 1 point. 

The same argument by using parallel transformations along the curves 
in S 3 yields that 

n 3 G~A\s 3 ). 

So we have an injective mapping A / ( 9 (D A ) — > A^(S 3 ). It corresponds 
to the embedding ti^G — ► Q 3 G. 



3 Line bundle with connection on B{M) 

3.1 Descent equations 

Let P be a G-principal bundle over a manifold. The group of gauge 
transformations on P is denoted by G- 

Let f2 9 be the differential g-forms on P and let V q be the vector 
space of polynomials <&(A) of A G A and its curvature F A that take 
values in £l q . The group of gauge transformations G acts on V q by 
(g ■ <&){A) = ^(g^ 1 ■ A). We shall investigate the double complex 

C P, q = c p (G,V q+3 ), 
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that is doubly graded by the chain degree p and the differential form 
degree q. The coboundary operator 5 : C p — ► C p+1 is given by 

(<5c p )(S'i,52, • • • ,9 P +i) = 9i ■ <?(92," ■ >9 P +i) + {-l) p+1 (?(.gi,92,-- ' ,9 P ) 

p 

+ /X-l) k (?(gi,--- ,9k-l,9k9k+i,9k+2,--- ,9 P +i)- 
k=l 

The following Proposition is a precise version of the Zumino's descent 
equation. Though stated for CP(Q, V q+3 ) it holds for general CP(Q, V q+n ). 
The first equation is nothing but the Zumino's equation [18J. The au- 
thor learned the second equation with its transparent proof from Y. 
Terashima [17] . For C P {Q ,V q+3 ) stated here the calculations were al- 
ready appeared in [T21 ITS]. 

Proposition 3.1. Let c 0,3 £ C ' 3 be defined by 

c°' 3 (A) = TrFl, AeA. 

Then there is a sequence of cochains c p,g 6 C p,q , < p, q < 3, that 
satisfies the following relations: 

dc p ' 3 ~ p + {-l) p 5d'- 1 ' 3 - p+1 = (3.1) 

c™ = 0, ifp + q ^2,3 
Each term is given by the following forms: 

c°< 2 (A) = Tr (AF 2 — -A 3 F + — A 5 ), 

c X ' 2 {g) = -^Tridg-g- 1 ) 5 , 

^faA) = Tr[~V(AF + FA-A 3 ) + ±(VA) 2 + ±V 3 A], 
where V = dg g^ 1 , 
c 2,1 (5i,52) = c 1 ' 1 (g 2 ; g^dgx), 
c 2 > ( gi ,g 2 ;A) = -Tr[^(dg 2 g 2 1 )(g^ 1 dg 1 )(g^ 1 Ag 1 ) - ^(dg 2 g 2 1 )(g^ l Ag 1 )(g^ l dg 1 )]. 
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Remark 3.1. We write here the analogy for n = 2 that is more familiar. 
In this case we consider the double complex = CP(G,V q+2 ). Put 
c o,2 _ r p r p'i g (7°> 2 5 then there is a sequence of cochains c p,q G C p,,? , 
< p, g < 2, that satisfies the following relations: 

dc°^ = c ' 2 , 5c 1 ' = c 2 ' , 

dc^ + Sc ' 1 = c 1 ' 1 , 

dc^-Sc 1 ' 1 = 0, 

<*' 9 = 0, ifp + g^2,l. 

Each terms are given as follows. 



<P>\A) 


= Tr(AF-^A 3 ) 




= Tr{dgg- X A), 




= ^Tridgg- 1 ) 3 , 


c 2 >°(gi, 9 2) 


= ^(g^dgt; g 2 ) 



We note that the relation cfc 2,0 — 5c 1,1 = represents the Polyakov- 
Wiegmann formula appeared in [14], and that the relation 5c 2,0 = is 
the cocycle condition for the central extension of the loop group LG. 

3.2 4-dimensional Polyakov-Wiegmann formula 

Let M be a connected compact four-manifold that is the boundary of 
an oriented 5-dimensional manifold N; dN = MM Let G denote the 
Lie group SU{n) with n > 3. Then ir^(G) = 1 and tt^(G) ~ Z, and 
g € Q(M) has a smooth extension g G G(N), g|M = g, that is unique 
modulo Z. Let P be a G-principal bundle on iV and P be its restriction 
to M. 

The Chern-Simons form on the principal bundle P is by definition. 
c°' 2 (A) = Tr(AF 2 -iA 3 F + -^A 5 ), A G A(N). (3.3) 
We have 

dc 0,2 (A) = Tr(F 3 ), (3.4) 
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where F = Fa- The variation of the Chern-Simons form along the 
£?(iV)-orbit is described by the equation 

c°> 2 (g • A) - c°' 2 (A) = dc^(g, A) + c^fe), g € Q(N). (3.5) 

Where, as in Proposition 3.1, 

c 1 ' 1 ^, A) = Tr[-^V(AF + FA - A 3 ) + \(VA) 2 + ^V 3 A], 

with V = dgg -1 , and 

c 1 ' 2 (g) = ^Tr( ( igg- 1 ) 5 . 

The following four-dimensional version of Polyakov-Wiegmann for- 
mula is a relation in the Lie group cohomology C*(Q(M),H). 
For A e A(M) and g G Q(M), we put 

T[9]A) = 24^ J M cl,1 (g;A) + C 5 (g), (3.6) 

C§(g) may depend on the extension g of g to N, but since tt^(G) = Z the 
two choices give the same value for C5 modulo Z, and exp 2mC^{g) is 
independent of the extension. 

Lemma 3.2 (Polyakov-Wiegmann). J23 OS For f, 9 ^ G(M) we 
have 

C 5 (fg) = C 5 (f) + C B ( J g)+<y(f,g) mod Z, (3.8) 

where 

7(/,,) = ^/ w ^'(/,,) 

= 4^sj M Tr[{dgg^){r l dff + \{dgg- x f^df) 2 + 

+ {dgg- 1 f(r l df)\. (3.9) 
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Proof 

From (3,2) we have 

5c 1 ' 2 + cfc 2 ' 1 = 0. 

Integration of this equation over N yields the desired equation. □ 
Lemma 3.3. 

T(fg,A)=T(g,f.A)+T(f,A) (3.10) 

proof 

From (3,2) we have 

6c°> 2 + dc 1 ' 1 =0^. 

Hence dole 1,1 = dc 2,1 . Integration of the equation over N and the 
Polyakov-Wiegmann formula yield the desired result. □ 

3.3 Line bundle with connection over B(M) 

In this section M is a connected compact four-manifold that is the 
boundary of an oriented 5-dimensional manifold TV; dN = M. 

Let A = A(M), g = g(M) and B = A/Q as before. The pre- 
symplectic form uja = uj\ on A being invariant under the action of Q, 
B has the induced pre-symplectic structure. 

We consider the U(l)— valued function on A x Q: 

e(g,A)=exp2TriT(g,A). (3.11) 

Lemma 3.3 yield the cocycle condition: 

Q(g,A)e(h,g-A) = Q(gh,A). (3.12) 

Therefore if we define the action of Q on A x C by 

(g, (A,c))^(g-A, 0(g,A)c), 

we have a complex line bundle: 

£ = AxC/G — >B = A/G. (3.13) 

G being U (l)-valued, it is a hermitian line bundle. The associated U (1)- 
principal bundle is given by 

V = A x U(l)/g B. (3.14) 
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We put 

° A{a) = "2^3 J Tr [ ( AF + FA ~ °]> ( 3 - 15 ) 
here a represents a tangent vector to and satisfies d* A a = . 
Proposition 3.4. 

(5e A (a))(g) = ±(d)agQ(g,A))(a). (3.16) 
That is, the connection 1-form on V is given by 



4> being the angle coordinate on U{\). 
Proof 

Since dC§{g) = 0, we have 
dT(g, A) = ^J^ Tr[-V(aF + Fa) 



+ -AA 2 V + AVA + VA 2 + V 2 A + AV 2 + +VAV + V 3 )a], 

(3.17) 

where we put V = dg • g~ l and we used the relation 

dTr[(VAa - VaA)] = Tr[V{Ad A a + d A aA) - V{aF + Fa) 

(3.18) 

+ (V 2 A + 2AVA + AV 2 )a}. 

On the other hand 

(80 A (a)) (g) = g ■ 9 A (a) - 9 A (a) 
i 



24vr 3 



f Tr[VFa + FVa- -({A + V) 3 a- A 3 a)}, 
Jm 2 

(3.19) 



which is equal to the right hand side of (|3.17|) . Therefore 

(S0 A (a))(g) = dT(g,A)(a) = log@(g,A))(a). (3.20) 

2m 

Thus dcj) — 9 A gives a connection 1-form on V . □ 

21 



Proposition 3.5. The curvature of the connection 1-form on V is equal 
to TT*(—iuj). 

Proof 



{d6) A (a,b) = ((d A 9)a,b)-((d A 6)b,a) 



—i 



„■ f Tr[ 2(ab - ba)F - (ab - ba)A 2 
247r J J M 

— (bd A a + d A ab — d A ba — ad A b)A] . 

But since 

dTr[(ab—ba)A] = Tr[(bd A a+d A ab—d A ba—a d A b)A}+Tr[(ab-ba)(F+A 2 )}, 
we have 

(d6) A (a, b) = / Tr[{ab - ba)F] = -i co A (a, b). 

□ 

We have obtained the line bundle with connection C — ► B whose 
curvature is —iuj, where u is the pre-symplectic form induced on B. 



3.4 The Chern-Simons functional 

The manifold M is assumed to be closed as in the previous part. Let Vn 
be the pullback of the [/(l)-principal bundle V — > B by the boundary 
restriction map 

r : B(N) = A{N)/Q{N) — ► B(M). 

V N = r*V = A(N) x r .© 17(1). (3.21) 

The connection pulls back to give a connection On on A(N) x U(l). 

We shall investigate the section of Vn induced by the Chern-Simons 
functional. 

The Chern-Simons functional on A(N) is defined by 



CS(A) = 




(3.22) 
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The equation (|3.5p implies 

CS(g-A) = CS(A)+T(g,A), 

exp 2iri CS((g • A) = Q(g, A) exp 2m CS(A) , (3.23) 

where A and 3 are respectively the restriction of A and g to the bound- 
ary M = ON. 
Then the map 

a : A(N) — ► A(N) x U(l) 

given by 

a (A) = (A, exp 2vriCS(A)) (3.24) 
gives a section of the pullback line bundle Vn- 

Proposition 3.6. The gradient vector field of the section s over B(N) 
is given by 

Proof 

Let A = rA G B(M). Let a G T A B(N) and denote the image of a 
by the boundary restriction map r by a = r^a G T A B(M). We have 

(dCS(A))a= Tr[F A a+(F A A + AF A -iA 3 )d A a 

- ^(A 2 F A + AF A A + F A A 2 - A 4 )a]. 

On the other hand 

(0Jv)A(a) = 9 A (a) = ^J Tr[(AF A + F A A - ±A 3 )a] 

[ Tr[ -2F A a-i(A 2 F A + F A A 2 + AF A A-A 4 )a 

JN 1 



24vr 3 



+ (AF A + F A A — ^A 3 )<i A a], 



Therefore we have 



(Vs) A a= (-^dlogs - fl JV )(a) = (dCS(A))a-(0 JV )A(a) 

lm , ■ (3.25) 

= 2ii v Tr[3Fia]=(a '*i FA W)- 
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□ 

The proposition says that flat connections A G A'(N) are the critical 
points of the gradient vector field of Chern-Simons functional CS. 
For A G A {N), the Chern-Simons functional is 

If M is simply connected then any A G A^(M) has a flat extension 
A G A^iN). In fact, there is a smooth function / G Q°(M, AdP) such 
that A = f~ l df ', and if we let f its smooth extension to N, that is 
assured by tt^G) = 1, then A = f _1 df gives a flat extension of A to N. 

Under the assumption that M is simply connected, we put, for A G 
A\M), 

CS M (A) = CS(A) = ^ J Tr(A 5 ), (3.27) 

where A is the extension of A to N. It is well defined modulo Z inde- 
pendently of the extension. 
From (|3.23p we have 

exp2iriCS M (g ■ A) = Q(g, A) exp 2ni CSm(A). (3.28) 

It defines over M b (M) a non- vanishing section [A, exp 2iri CSm(A)] G 
£(M), that is, the Chern-Simons functional CSm gives the trivialization 
of the line bundle C(M) restricted on M\M). 

3.5 Line bundle with connection over B{M) for a proper 
submanifold M C M 

Let M be a compact four-manifold that is the boundary of a five- 
manifold N. Let M be a connected four-dimensional submanifold of 
M with smooth boundary dM. Let P be a G-principal bundle over 
M and let ( B(M), u) be the moduli space of connections over M 
with the pre-symplectic structure u. We shall construct a line bun- 
dle with connection over B(M) whose curvature is —iui. Let P be the 
trivial extension of P to M. We extend any g G Qq{M) across the 
boundary dM by defining it to be the identity transformation 1' on 

P\(M\ M) = (M\ M) x G. Then g V 1' G </(M). Here the upper 

- — ~ o 

prime will indicate that the function is defined on M\ M, for example, 
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1' is the constant function M\ M3 x — ► l'(x) = 1 G G, while 1 is 

the constant function M 3 x — > l(x) = 1 G G. For g G 0(M) and 

- — - ° 

</ G £7(M\ M) such that g\dM = g'\dM, we write by g V </ the gauge 
transformation on M that are obtained by sewing g' and g. 
We put, for A G .A(M) and 5 G £o(M), 

r M ( 5 ;^) = ^3 y c 1 >\g;A)+C 5 (gVl'),. (3.29) 

6 M (5;^) = ex P 2^r M ( 5 ;,4). (3.30) 

We note that C§(g V 1') is well defined independently of the extension g 
of g V 1' to N. It follows from (|3.12p that &m(9, A) satisfies the cocycle 
condition: 

@ M (g, A) e M {h, g-A) = M (gh, A), for g, h G O (M). 

So if we define the action of Qq(M) on A(M) x C by 

{g, (A,c)) — >{g-A, @ M (g,A)c) , 

we have a hermitian line bundle on B{M) with the transition function 
&m(9,A): 

C(M) = A{M) x C/g (M) — ► B(M). (3.31) 

We next give a connection on the line bundle C{M) with the curva- 
ture — iuj. 

We define the 1-form 9 on A(M) by 

^( fl ) = -^/ Tr[ (AF + FA — ^-A 3 ) a], for a G T A ^(M). 

(3.32) 

is a 0-cochain on the Lie group Qq(M) taking its value in the space of 
1-forms on A(M), the coboundary of 8 becomes 

(5 9 A (a)){g) = - ^ J Tr[VFa + FVa- l -((A + Vfa - A 3 a ) } 

for g G Go(M), where V = dgg' 1 . By the same calculation as in (|3.17p 
we see that the right hand side is equal to 



dT(g, A) = ^ j M Tr[-V(aF + Fa) 



+ -z(A 2 V + AVA + VA 2 + V 2 A + AV 2 + VAV + V 3 )a], 
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for a E TaA{M). where we used the relation (|3.18p again and the fact 
that dgg~ x \dM = for g E G (M). Therefore 

(Se A (a))(g) = dT M (g,A)(a) = log 8 M (<7, A)) (a). (3.33) 

Thus <i</> — 6 a gives a connection 1-form on the [/(l)-principal bundle 
associated to C(M), where cj) is the angle coordinate on the fiber. By 
the same calculation as in Proposition 3.5 we see that the curvature 
form becomes vr*(— iu>); 

(de) A (a,b) = -/g / Tr[(ab - ba)F] + [ Tr[(ab - ba)A] 

J M 24vr J J dM 

= —iujA(a,b). 
We have proved the following 

Theorem 3.7. There exists a hermitian line bundle with connection 
C(M) — > B(M), whose curvature is equal to —iuj. 



4 Pre-quantization of the moduli space of flat 
connections 

4.1 Pre-quantum line bundle on .M b (M) 

Let M be a compact four-manifold that is the boundary of a five- 
manifold N . Let M be a connected open submanifold in M with smooth 
boundary dM which may be empty. Let P = M x G be the trivial bun- 
dle. We know from Theorem 2.5 that if dM ^ the moduli space 
M°{M) of flat connections on P has the pre-symplectic structure u} . 
If dM = 0, that is, if M = M, M\M) is a finite dimensional mani- 
fold ( possibly with singularity ). A4^(M) is one-point if M is simply 
connected. 

In the previous section we constructed the line bundle with connec- 
tion 

C{M) — ► B{M) 

with the curvature —iuj. We restrict it to the moduli space A4^(M) and 
obtain the line bundle with connection 

C\M) = A\M) x C/G (M) — ► M\M). (4.1) 
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The connection is given by 

M«) = 77^-3 / Tr[A 3 a], (4.2) 

here a represents a tangent vector to A4 (M) and satisfies tf^a = cZ^a = 
. We have 

( d0 U^ = { 0, when M = M 

Therefore, if M is a proper submanifold of M, 9 is a connection with 
the curvature given by the symplectic form aA But, for C^(M), 9 is a 
flat connection. 

We have obtained the following theorem. 

Theorem 4.1. 

L £ b (M) — ► _M b (M) admife aflat connection. 

2. For a proper submanifold M of M, there exists a pre- quantization 
of the moduli space LA4 (M), or), that is, there exists a hermitian 
line bundle with connection C (M) — > M. (M), whose curvature 
is equal to the symplectic form —iu> . 

We call £ b (M) the pre-quantum line bundle over M. 

If M is simply connected, then _M b (M) is one-point, and 

C\M) ~ C. (4.3) 
The isomorphism is given by the Chern-Simons functional in (|3.27p 

C\M) ~ C, (4.4) 
[A,cexp27riCSj^(A)} — > c. 

4.2 The Chern-Simons functional on M^{M) 

Now we investigate the Chern-Simons functional CSm for the subman- 
ifold M C M. Hereafter we assume that M is simply connected. We 

o 

put M c = M \ M, and we assume that every connected component of 
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M c are simply connected. We have as in Example 2 of 2.1 the bijec- 
tive correspondence of A\M C ) and Q{M C ) = Map(M c , G) given by the 
parallel transformations. Therefore 

m\m c ) ~g(M c )/g (M c ). 

In particular, for A 1 and A 2 G A\M C ) such that A x \dM c = A 2 \dM c 
there exists g G Qq(M c ) such that 

A 2 =g-A 1 . 

We define the map 

p : A\M) — > M\M C ). (4.5) 

by 

p(A) = [A], 

where, for A G A b {M) we associate & A' € A b {M c ) such that A\dM = 
A'\dM c . The equivalence class p(A) = [A 1 ] is well defined because, for 
another A" G A\M C ) with A"\dM c = A'\dM c , there is a g' G £ (M C ) 
such that A" = g' ■ A'. 

Let A£A b (M). We consider 

(A', exp 2iriCSj^{A V A')) G ^ b (M c ) x C, 

for A' G A\M C ) such that [A'] = p{A). 

Let A" be another flat connection on M c with A"\dM c = A\dM. 
There is a c/ G £o(A^ c ) such that A" = g' ■ A'. So we have (1 V g') ■ (A V 
A') = A V A". It follows from (|3^8l) 

exp 2ni CS^{A V A") = Q M -{g' , A') ■ exp 2m CS^(A V A') . 

Thus we have a map 

ex P 2mCS M : A — ► [A', exp 2-jri CS^(A V A')] G £ b (M c ) p(A) , (4.6) 

that is, we have a section exp27ri CSm of p*£^(M c ) over ^(M). 
We call CSm the Chern-Simons functional over M. 

Proposition 4.2. T/ie functional exp 2-7ri CSm a horizontal section 
over A\M) of the line bundle p* C b {M c ) : 

Vexp2™CS M = 0. (4.7) 
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In fact we have from Proposition 13.61 

( d exp 2ni CSm )a(cl) = exp 2iri CSm(^) ( d CSm 

= A (a) exp2niCS M (A). 

Theorem 4.3. p : A b (M) — > A4 b (M c ) is a Lagrangean immersion. 

Proof 

Let V b {M c ) M\M C ) be the J7(l)-principal bundle associated 
to C (M c ). The connection form on P b (M c ) is a a = d(p — 6a with the 
curvature form da = 7T*(— iu^"). We have seen in Proposition 13.61 that 

Q A ((exp2vriCS M )*a) =0, a G T a A\M). 

Since p = it o exp 2tti CSm we have 

u A (p*a, P*b) = 0, 

ior a,beT A A\M). □ 
4.3 duality 

Now we assume that M, M and M c are all simply connected. In this 
case p : A (M) — > _M b (M c ) yields the isomprphism 

.M b (M) ~ .M b (M c ). (4.8) 

We have hermitian line bundles with connection C (M) over M. (M) 
and £ b (M c ) over .A4 b (M c ). /^(M) is given by the transition function 

@m(9, A) = exp 2iti T M (g, A) 

for 5 G </o(M) and A G .4 b (M). Here any 5 G Qo(M) is extended from 
M to M by the identity transformation on M c . The transition function 
of C b (M c ) is 

G M c( 5 ', A') = exp 2vrir A fc( 5 / ,^ / ) 

for g' G £o(M c ) and A' G ^ b (M c ). 

We shall see that the pre-quantum line bundles £)(M) and £ b (M c ) 
are in duality. Here we identified the base spaces M\M) and M\M C ) 
by AM}. 

Now let A G .4 b (M) and A' G A b (M c ) be such that A|3M = A'\dM c . 
Since 

7 (F,G) =r(F- 1 o!F,G)-C5(G), 
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we have from (3.29) and the Polyakov-Wiegmann formula that 
T M {g,A)+T M c(g',A') =T(gV g',AW A'), modZ, 

for g G Q Q (M) and g' G Gn{M c ). Here we have used the fact 7(5 V 1', 1 V 

9') = 0. 

Therefore 

&M(g,A)e M c(g',A') = G ] tf(gVg',AvA'). (4.9) 
By virtue of (|4.9p we have a homomorphism of line bundles: 

C\M) x MHM) C\M C ) — » £ b (M), (4.10) 

that is given by 

[Ac])^[AvA',cV4 (4.11) 

where c V d in the right hand side means that c G 7r _1 ([A]) and c' G 
7r _1 (L4']). Composed with the homomorphism C (M) — > C, (|4.4I ). we 
have the duality of C\M) and C b (M c ): 

C\M) x C\M C ) — ► C. (4.12) 

5 The action of QqG on M\D) and its lift to 

C\D) 

5.1 Abelian extension of the group Vt^G 

Let G = SU (n) with n > 3. Let $7 3 G be the set of smooth mappings 
from S 3 to G that are based at some point. Q^G is not connected but 
is divided into connected components by the degree. We put 

n 3 G = {ge n 3 G; deg g = 0}. (5.1) 

J. Mickelsson gave an extension of OgG by the abelian group Map(A(S 3 ), U(l)), 
where ^4(5 3 ) is the space of connections on S 3 [13]. In the following we 
shall explain it after [T01 H21 H5] . 

The oriented 4-dimensional disc with boundary S 3 is denoted by D. 
We write DG = Map(D, G), the set of smooth mappings from D to G 
based at a po G dD = S 3 . The restriction to S 3 of a / G DG has degree 
0; f\S 3 G n 3 G. We let D G = {/ G DG; /|S 3 = 1}. 
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We define the action of D G on DG x Map{A{S 3 ), 17(1)) by 

h- (f,X)= (/h.AOe^,/- 1 ^)), (5.2) 

for /i € D G and (/, A) € DG x Map^S 3 ), 17(1)). 
We consider the quotient space by this action; 

^ = 7JGxMap(^(5 3 ),[/(l))/7J G. (5.3) 

The equivalence class of (/, A) is denoted by [/, A]. The projection 
7r : flG — ► fl^G is defined by tt([/ , A]) = /IS 3 . Then fiG becomes a 
principal bundle over Q^G with the structure group Map(A(S 3 ), £7(1)). 
The transition function is x(/><?) = @d(/ _1 #j f l df) f° r /, 9 £ DG 
such that /[S 13 = ^jS" 3 . Here the U(l) valued function x(f ,g) is con- 
sidered as a constant function in Map(A(S 3 ), £7(1)). 

The group structure of $7G is given by the Mickelsson's 2-cocycle on 
D which is defined by the following formula. 

iMI.r-A) = ^3 / D (fc u )(/.s;-i) 

We define the multiplication on DG x Map(A(S 3 ), U(l)) by 

(/, A)«(flf, fi) = {fg, A(-)/x/(-)exp 2iri~f D ( f, g; •) ) , (5.5) 

where 

^(A) = M ((/|5 3 )-M(/|S 3 ) + (/|S 3 )-M/|S 3 )) • 

Then x Map(A(S 3 ), U(l)) is endowed with a group structure. The 
associative law follows from (3.1) and (3.2); 

6dc 2,0 =dc 3,0 = ^ Jc 2,l =0 . 

From the definition and Lemma 3.2 we can verify that [/, A] = [g, fj] if 
and only if there is a h € DoG such that (g, fi) = (/, X)»(h, exp 2iri C§(h\/ 
1')). Since the set of elements (h, exp2ni C*,(h V 1')) with h £ DoG 
forms a normal subgroup of DG x Map(A(S 3 ), £7(1)), the group struc- 
ture descends to the quotient. Thus ftG is endowed with the group 
structure. The group Map(A(S 3 ), £7(1)) being embedded as a nor- 
mal subgroup of QG, f2G is an extension of QqG by the abelian group 
Map(A(S 3 ), [/(!)). 
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5.2 The action of f2G on pre-quantum line bundles 

Let P = D x G be the trivial bundle over D. The group of gauge 
transformations Q(D) acts on A(D). It descends to the actions on 
B(D) = A{D)/Q Q {D) and on C(D) = A(D)/Q(D). B(D) is a g/g - 
principal bundle over C{D). Since Q{D) = DG, Qq{D) = DqG and 
DG/DqG ~ £1%G, we have the action of ftgG on and 5(D) is a 

figG-principal bundle over C{D). 

The action of QqG on B(D) does not lift to the action on the line 
bundle C(D). The abelian extension OG is needed to have the lift on 
C(D). 

For A G -4(£>) and / G DG, we put 

Notice that the following two relations hold: 

SPd = ID, (5.7) 
T D (f,A) = p D (f,A) + C 5 (fVl'), for/GDoG. (5.8) 

Let (/, A) G DG x Map(A(S 3 ), 17(1)) and (A,c) G ,4(L>) x C. The 
action of ( /, A ) on (A, c) is defined by 

( /, A ) • (A, c) = ( / • A , c\(A\S 3 ) exp 2ni (3 D (f , A)) . (5.9) 

It is a right action. By virtue of the relation jd = 8(3d we can verify 

( W ).((/,A).(Ac)) = ((/,A).( W )) • (Ac), 

for (/,A), {g,n) G DG x Map(„4(,S 3 ), f/(l)) and (A,c) G A{D) x C. 
Hence the action is certainly well defined. In particular we have, for 
h G D G, 

(h, exp2iriC 5 (hVl'))»{A,c) = (h-A, cG D {h, A)). (5.10) 

From the definition of C(D) and the fact that [ h, exp 2m C$ (h V 
1')] for h G DqG gives the unit element of Q.G we see that the above 
action descends to the action of Q.G on C(D). Thus we have proved the 
following theorem. 

Theorem 5.1. The line bundle C(D) carries an action of VtG that is 
equivariant with respect to the action of QqG on the base space B(D). 
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The reduction of C(D) by the action of $7G becomes a line bundle 
on C(D) that is described as follows. 
Let 

K{D) = A(D) x C/fiG, 

and let ir : K,(D) — > C{D) be the projection induced from ir : C{D) — ► 
B(D). Then ir : JC(D) — > C(D) becomes a line bundle with the struc- 
ture group Map(A(S 3 ), £7(1)). 

We saw in section 2.2 that the action of G(D) on M b (D) is in- 
finitesimally symplectic, Hence the action of S7qG on M^(D) is also 
infinitesimally symplectic. This action is lifted to the action of OG on 
the pre-quantum line bundle £ b (D) — ► A4 (D) . In fact it is given by 
the restriction to C^(D) of the action f2G. 

Theorem 5.2. The line bundle C^(D) carries an action of QG that is 
equivariant with respect to the infinitesimally symplectic action of SljjG 
on the base space M\D). The reduction of £ b (L>) by OG becomes the 
complex line C. 

The reduction of &(D) by the action of $7G is the restriction of the 
line bundle IC(D) to Af^(D). But N^(D) being one point the restriction 
becomes 

1C{D)\M\D) ~ c. 
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